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I. INTRODUCTION
It is well known that black hole behavior as a thermodynamic system can be interpreted with a physical temperature and an entropy [1] . Finding the connection between the laws of black hole physics and the laws of ordinary thermodynamics is one of the remarkable achievements of theoretical physics during the last forty years. Therefore, it is very natural to study various thermodynamic aspects of black holes, such as thermal stability, phase transition, black hole evaporation and etc. Studying phase transition in black holes would be one of the fascinating topics in this regard because this phenomena plays an important role in order to explore thermodynamic properties of various systems near the critical points. The first attempt to investigate the black hole phase transition have been done by Hut and Davies [2] .
In general case, there are four different ways to study the black holes phase transition, theoretically. First, considering the cosmological constant, Λ, to be pressure of the system and related conjugate quantity as the specific volume. By this consideration, the critical behavior can be studied in both canonical and grand canonical ensembles. Second, studying phase transition in black holes by using the idea of Clausius-Clapeyron-Ehrenfest's equations [3] in which is one of these four ways in the context of black hole thermodynamics. Bringing the analogy (V ↔ Q, P ↔ −Φ) between the thermodynamic state variables and various black hole parameters, puts us in a position to write down the Ehrenfest's equations for the black holes [4] and study their phase transition. Third, an alternative approach to investigate the black hole phase transition was suggested by Ruppeiner in 1979 [5] in which proposed a geometrical way to study the black hole thermodynamics. Fourth, considering black holes in the canonical and grand canonical ensembles by calculating the heat capacity and the determinant of the Hessian matrix [6] .
In this paper, we want to investigate the black hole phase transition in the asymptotically AdS spacetime by considering the first mentioned approaches (the cosmological constant as a pressure of the system) in both EN and GB gravities. There are two main reasons to investigate the asymptotically AdS black holes. First reason comes from the fact that the concept of asymptotic flatness is not always the correct theoretical idealization and is hard to satisfy in reality, and also as to our knowledge, for the asymptotically dS black holes there is no phase transition. Second, the behaviors of the black holes phase transition in the asymptotically AdS spacetime are like the Van der Waals gas/fluied [7, 8] , and also, are different from those of black holes in the flat space [9] . Studying thermodynamic behavior of black holes in an asymptotically AdS spacetime had been done first by Hawking and Page in 1983 [10] . After that, the critical behaviors of the black holes by including the cosmological constant as a thermodynamic pressure have been investigated in [7, 11] . In this approach, the black hole mass M considered as the enthalpy of the system. Studying phase transition of black holes with EN gravity have been done in many literatures [12] . In addition, the critical behavior of charged AdS-GB black holes have been investigated in [13] .
One the other hand in electrodynamic point of view, we know the self-energy of a point-like charge has a divergency at the origin. In order to remove this singularity, Born and Infeld introduced an interesting kind of the nonlinear electrodynamics (NED) in 1934 [14] . Coupling of NED with the gravity first done by Hoffmann [15] . Investigation the effects of Born-Infeld (BI) NED coupled to the gravitational field have been studied in various aspects of gravity such as superconductors [16] , wormholes [17, 18] , static black holes [19] and rotating black objects [20] . In addition, another motivation for considering BI NED comes from the fact that it naturally arises in the low-energy limit of the open string theory [21] . Recently, two different BI types of NED have been introduced by Soleng [22] and the first author of this paper [23] . The Soleng Lagrangian has a logarithmic form and, like BI theory, removes divergency of the electric field while the Lagrangian proposed by Hendi has an exponential form and does not cancel the divergency of the electric field but its singularity is much weaker than that in the Maxwell theory. Investigation of black object solutions coupled to these two nonlinear fields have been done in [18, 24] . The Lagrangian of mentioned BI type nonlinear theories, for weak nonlinearity, tends to the following form
where β is proportional to the inverse value of nonlinearity parameter in BI-type theories. In Eq. (1), F = F µν F µν is the Maxwell invariant, F µν = ∂ µ A ν − ∂ ν A µ is the electromagnetic field tensor and A µ is the gauge potential. In addition, β denotes nonlinearity parameter which is small and so the effects of nonlinearity should be considered as a perturbation and for β −→ 0, L(F ) reduces to the standard Maxwell Lagrangian, L Maxwell (F ) = −F , as it should be. In this paper, we take into account the Eq. (1) as a NED source coupled to the EN and GB gravities and investigate the effects of nonlinearity on the properties of the phase transition. Before we begin the discussion, it is worthwhile to focus on the basic motivation for considering the Lagrangian (1). These motivations is as follows: First, as we well know, the BI types of NED have been introduced by different motivations, but for the weak nonlinearity they contain physical and experimental importance. So, to get the Eq.
(1), one can use series expansion BI types of NED for large nonlinearity parameter (the weak nonlinearity). Second, considering the Maxwell theory in various phenomena of physics leads to acceptable physical consequences. Therefore, in transition from the Maxwell theory to the NED, it is logical to consider the effects of weak nonlinearity variations and so we should regard the nonlinearity as a correction to the Maxwell field.
Considering Eq. (1) as an effective Lagrangian of NED have been studied in literature (for e.g., see [25] [26] [27] [28] [29] [30] [31] ). Heisenberg and Euler have shown that quantum corrections lead to nonlinear properties of vacuum [25] . Also, it was proved that in the low-energy limit of heterotic string theory, a quartic correction of the Maxwell field strength appears [26] . Investigation the effects of nonlinearity parameter of Eq. (1) coupled to the EN, GB and third order Lovelock gravities have been studied in [27, 28] , [29, 30] and [31] , respectively. So it is natural to consider Eq. (1) as an effective and suitable Lagrangian of electrodynamics instead of the Maxwell one.
The outline of our paper is as follows. Section II is devoted to introduction to EN and GB black hole solutions and their conserved quantities. Next, we extend the phase space by considering cosmological constant as thermodynamic pressure and calculate critical values and then we plot diagrams for different cases. We give a detailed discussion regarding diagrams, their physical interpretations, and the effects of both nonlinear electromagnetic and gravitational parameters. We finish our paper with some closing remarks.
II. FIELDS EQUATIONS AND CONSERVED QUANTITIES
In order to study phase transition of Einstein-Gauss-Bonnet gravity in presence of a generalized nonlinear electromagnetic field, one can employ the following Lagrangian
where the Lagrangian of EN gravity is the Ricci scalar, L EN = R, and Λ is the negative cosmological constant. In third term of Eq. (2) α is the GB coefficient with dimension (Length) 2 and L GB is the Lagrangian of GB gravity with following form
Using variational method, we obtain the following field equations
where G E ab is the Einstein tensor, G GB ab
Now, we are interested in studying topological black holes and their phase diagrams, therefore, we employ the following static metric
with volume ω n−1 . We use Eq. (4) and mentioned metric to obtain radial electromagnetic field tensor as [27, 30] 
In order to find EN solutions one can use two methods: one by putting α = 0 and using mentioned fields equation. Second approach is obtaining GB metric function through use of fields equations and series expanding it for small values of GB parameter. In order to give more specific details we use the second approach. Therefore, in case of GB gravity, one can obtain metric function in form of [30] 
with Ψ(r) = 1 + 8α
where m is an integration constant that is related to mass and α ′ = (n − 2)(n − 3)α. It is evident that for case of small values of nonlinearity, the metric function will lead to the GB-Maxwell gravity. As for EN gravity, series expanding of GB metric function for small values of α ′ will lead to
where the metric function of EN-Maxwell gravity is
Next step is devoted to calculating conserved quantities. In general, for both EN and GB gravities one can find total mass of black hole in form of [27, 30] 
It is notable that, although the form of total mass in GB and EN gravities seems to be same, its value is different for EN and GB branches (k = 0). In other words, the geometrical mass for GB gravity will be
where r + satisfy f (r = r + ) = 0 and Eq. (14) reduces to geometrical mass for EN gravity in case of α ′ = 0. Remarkably, as one can see in case of flat horizon (k = 0), obtained values for total mass for these two cases of gravity will be same. The presence of GB parameter, hence GB contribution is only seen in case of non-flat horizons. In other words, it indicates that the topology of spacetime may cancel the contribution of different degrees of Lovelock gravity on total mass of black holes. This fact will provide us useful machinery in order to study the phase diagrams of EN and GB gravities and compare them with each other as it will be seen later.
Previously, it was seen that obtained metric functions are representing black holes with essential singularity located at r = 0. Geometrical properties of the solutions were investigated in [27, 30] and it was shown that these solutions can be interpreted as asymptotically AdS black holes. Therefore, by using the definition of surface gravity and its relation with Hawking temperature we will find temperature of these two black holes as [30] 
where in order to find temperature of EN gravity, it is sufficient to set α ′ = 0 [27] . Interestingly, as one can see, in case of temperature, GB parameter is only coupled with k which is representing topological structure of black hole. In other words, similar to case of total mass of black hole, the contribution of GB gravity is only seen in cases of non-flat horizons and in case of flat horizon the obtained temperature of GB gravity reduces to EN one.
Due to the fact that solutions being asymptotically AdS, in order to find entropy of these two gravities, one can use Gibbs-Duhem relation. Therefore, we obtain the following relation [30] 
where in order to find entropy related to EN gravity, one should set GB parameter to zero [27] . Interestingly, same effects of topology of black hole on this thermodynamic quantity is seen. For the case of flat horizon, obtained value of entropy for GB gravity is same as EN gravity and the area law is recovered. In other words, in cases of non-flat horizon, the area law is violated and entropy depends on GB parameter. Generally, as one can see, the topological structure of spacetime modifies the amount of contribution of GB parameter, for the GB gravity. Although the presence of GB gravity in flat case is evident in metric function, regarding to conserved and thermodynamic quantities no contribution of GB gravity was seen and obtained values are same as EN gravity. Considering this fact and equation of Gibbs free energy, the thermodynamic behavior and phase diagrams of GB and EN gravities in case of flat horizon are same.
III. EXTENDED PHASE SPACE AND PHASE DIAGRAMS
In order to investigate the phase structure of the solutions, we employ the approach in which the cosmological constant is a thermodynamic variable corresponding to the dynamical pressure with the following relation
This consideration could be justified due to the fact that in quantum context, fundamental fixed parameters could vary and they are not fixed. Also, one can argue that the cosmological constant representing the natural asymptotical curvature that a spacetime has. Therefore, we expect to see its effects on the volume of the black holes. As one can see the conjugating thermodynamic variable to this assumption (cosmological constant as dynamical pressure) will be volume where in literature the derived volume for different types of black holes are same as that for the topology of the spacetime [12, 13] . In order to calculate the volume of these thermodynamical systems, we use the following relation
Also, we should consider the effects of cosmological constant in the first law of thermodynamics and extend our phase space. With doing so the total finite mass of the black hole will play the role of Enthalpy and hence the corresponding Gibbs free energy will be in form of
The obtained volume for our considered cases is
which is consistent with topological structure of spherical symmetric spacetime. This result is consistent with what was derived previously [12, 13] and shows the fact that although considering GB gravity modifies the metric function and some conserved quantities of the black hole, it does not change the volume of the black hole. In other words, the volume of the black hole is solely dependant on the cosmological constant (dynamical pressure). Due to relation between volume and radius of the black hole, we use horizon radius (specific volume) in order to investigate the critical behavior of these systems [12, 13] . Next step will be calculating critical values. In order to do so, we use the method in which critical values are obtained through the use of P − r + diagrams. Since the critical point is a inflection point on the critical isotherm P − r + diagram, we use the following relations to obtain the proper equations for critical quantities
It will be constructive to give a short description regarding to different phase diagrams and the information they contain before presenting tables and phase diagrams. G − T diagrams are representing energy level of different states that phase transition takes place between them and shows the changes in energy level of before and after phase transition states. The characteristic swallow tail that is seen in these diagrams shows the process that we know as phase transition. It also gives interesting information regarding temperature of critical points. For T − r + plot, it contains information regarding critical temperature and volume in which phase transition takes place. Also, it gives some insight about single state regions which in our case is small/large black holes. It also helps us to understand the effects of different parameters on critical temperature and volume, and whether by changing value of a parameter, system needs more or less energy in order to have phase transition. If one is interested in studying conductor/superconductor transition that these nonlinear electromagnetic fields are representing, studying these diagrams will give more information regarding to conductivity and superconductivity regions. Finally, studying P − r + plot gives us information regarding the behavior of pressure as function of horizon radius, and critical pressure and horizon radius of phase transition. One of the reasons for studying these diagrams is the similarity between phase structure of black holes and the Van der Waals thermodynamical systems. On the other hand, due to fact that we consider the cosmological constant as the dynamical pressure, in some context we study natural asymptotical curvature of our system and asymptotical behavior of black holes (whether asymptotical curvature of spacetime becomes weaker/stronger) [32] .
Using Eq. (20) one can find T c in one of the equations and replace it in the other equations which leads to the following relations for calculating critical horizon radius
As one can see, due to complexity of the obtained relation for critical horizon radius, it is not possible to find critical horizon radius analytically. Therefore, we employ the numerical method in order to calculate critical quantities and study the effects of variation of parameters in case of spherical horizon (k = 1). Here, we present various tables in order to study the effects of different parameters on critical values. Next, by using the information of these tables, we plot P − r + , T − r + and G − T diagrams for EN and GB gravities in the presence of nonlinear corrected Maxwell field (Figs. 1 -16 ). It is notable that following results for critical pressure and temperature are obtained by using larger critical horizon radius. In order for higher orders of corrections to be small enough and not acquire values higher than Maxwell term, we have plotted a bold vertical line which represents the limit for different cases. Table (1): EN gravity with q = 1 and n = 3.
FIG. 1:
Maxwell solutions for EN gravity: P − r+ for T = Tc (Left), T − r+ for P = Pc (Middle) and G − T for P = 0.5Pc (Right) diagrams for k = 1, q = 1, n = 3 (continuous line), n = 4 (doted line) and n = 5 (dashed line).
FIG. 2:
Maxwell solutions for GB gravity: P − r+ for T = Tc (Left), T − r+ for P = Pc (Middle) and G − T for P = 0.5Pc (Right) diagrams for k = 1, q = 1, α ′ = 10 −4 , n = 4 (continuous line), n = 5 (doted line) and n = 6 (dashed line).
FIG. 3:
Maxwell solutions for EN and GB gravities: P − r+ for T = Tc (Left), T − r+ for P = Pc (Middle) and G − T for P = 0.5Pc (Right) diagrams for k = 1, n = 4, q = 1, α ′ = 0.1 for Einstein (continuous line) and GB (dashed line) gravities. Table ( 2): EN gravity with q = 1 and n = 4. Table ( 3): EN gravity with q = 1 and n = 5. Table (7): GB gravity with q = 1, β = 0.07 and n = 5.
IV. DISCUSSION ON THE RESULTS OF DIAGRAMS
In order to study the behavior of phase transition for these black holes in more details, we have plotted P − r + , T − r + and G − T diagrams. In order to have better insight regarding the effects of correction on critical behavior of the system, we have also plotted diagrams for the case β = 0 which is the Maxwell theory.
The usual characteristic swallow tail that is seen in Van der Waals like black holes, is only observed in the absence of nonlinearity parameter ( Fig. 1 (right) and Fig. 2 (right) ). In other words, considering Maxwell electromagnetic filed leads to a Van der Waals like behavior and usual phase transition. The existence and usual behavior of phase transition are also evident from studying P −r + and T −r + diagrams. In case of the absence of nonlinearity parameter, for P − r + (Fig. 1 (left) and Fig. 2 (left) ), pressure is a decreasing function of horizon radius but for a range of horizon radius, it is increasing which is not a physical behavior. Before and after this region there are two values of horizon with same pressure. The phase transition takes place between these two points which in case of black holes, it is small/large black holes phase transition. It is crucial to mention the fact that this region is only seen for case of T ≤ T c whereas for T > T c pressure is only a decreasing function of horizon radius. On the other hand, for β = 0 in case of T − r + diagrams ( Fig. 1 (middle) and Fig. 2 (middle) ), if P = P c the temperature is an increasing function of horizon radius and for a region of horizon radius, temperature is fixed. This place is the region where phase transition takes place and known as subcritical isobar which is evident in case of Maxwell electromagnetic fields.
As for the effects of dimensions on the critical behavior of the system in absence of nonlinearity parameter Figs. 1 and 2 are plotted. As one can see, by increasing dimensions, the swallow tail of Gibbs free energy grow larger and its place will shift to higher values of temperature ( Fig. 1 (right) and Fig. 2 (right) ). On the other hand, it is evident that pressure (the critical horizon radius) of the phase transition is increasing (decreasing) function of dimensions ( Fig. 1(left) and Fig. 2 (left) ). Finally, one can see that critical temperature of the system is also an increasing function of dimensions ( Fig. 1 (middle) and Fig. 2 (middle) ). It is worthwhile to mention that the length of sub critical isobar is a decreasing function of dimensions. In other words, the length in which phase transition takes place is a decreasing function of dimensions.
Finally, for the case of absence of nonlinearity parameter, we compare critical behavior of these two gravities with each other (Fig. 3) . As one can see considering GB gravity leads to increasing the size of swallow tail (Fig. 3 (right) ). The place of swallow tail is also shifted to lower values of temperature. On the other hand, pressure (Fig. 3 (left) ) and temperature ( Fig. 3 (middle) ) of the critical point are bigger in EN gravity whereas the length of sub critical isobar and the critical horizon radius are bigger in GB gravity.
Next, we are considering β = 0 and plotted one set of graphs for EN gravity for variation of nonlinearity parameter and Figs. 9-16 for variation of nonlinearity and GB parameters for GB gravity.
In case of variation of nonlinearity parameter same behavior is observed for EN and GB gravity. For this case the following results are obtained. As one can see, interestingly, contrary to Maxwell theory, in this case (β = 0), the Van der Waals like behavior is not preserved. The plotted graphs for Gibbs free energy versus temperature are showing the existence of a phase transition and a turning point (turning point takes place at T = T 0 and indicates that temperature of systems cannot be less than T 0 ). In the other words, the characteristic swallow tail of phase transition in this nonlinear theory is modified and its shape is different to usual thermodynamical systems. For small values of nonlinearity parameter (Fig. 5 (right) and Fig. 9 (right) ), the usual swallow tail is observed with a turning point which is located before swallow tail. As nonlinearity parameter increases, the distance between the turning point which was out of decreasing swallow tail and swallow tail decreases (Fig. 6 (right) and Fig. 10 (right) ). (Considering the right panel of Figs. 5-7 and 9-11, one can find that temperature of turning point T 0 is an increasing function of the nonlinearity parameter.) This decreasing behavior continues to a level in which the characteristic swallow tail is deformed completely (Fig. 7 (right) and Fig. 11 (right) ). The turning point located outside the swallow tail (smaller one) is highly function of the variation of nonlinearity parameter whereas the phase transition point is not effected so much by its variation.
As for the P − r + , it is evident that the related graphs are modified like G − T diagrams. First, pressure is an increasing function of horizon radius, then after a turning point, it changes into being a decreasing function of r + . In this case, a part of the graphs shows the usual behavior of phase transition whereas there is another part which is irregular ). We find that in case of T = T c , one can find two horizon radii for critical pressure. As one can see, in this case the critical horizon radius (larger one) is a decreasing function of nonlinearity parameter whereas the turning point (smaller one) is an increasing function of nonlinearity parameter. On the other hand, the critical pressure is an increasing function of nonlinearity parameter.
Finally, in studying T − r + , same abnormal behavior is observed and Figs. 9-11 (middle)). Usually, we are expecting temperature to be an increasing function of horizon radius except in place of phase transition in which temperature is fixed and horizon radius increases. This region is know as sub critical isobars. But in this case, first temperature is a decreasing function of r + then it becomes increasing function of it. As one can see in case of P = P c the sub critical isobar is observed but another value of horizon radius exists which has the same temperature as subcritical isobar. This somehow shows the fact that in this place also phase transition takes place. The critical temperature is an increasing function of nonlinearity parameter.
It is worthwhile to mention a few characteristic behavior of graphs. As one can see, in case of small values of nonlinearity parameter, the distance between the critical point and turning point is large. Similarly in case of P − r + (T − r + ) the region of r + in which pressure being increasing (decreasing) function of r + is large too. As nonlinearity parameter increases, the distance between these points decreases in G−T diagrams and interestingly, in case of P −r + (T − r + ) the region of r + in which pressure being increasing (decreasing) function of r + and the distance between the critical horizon radius and turning point decreases (Fig. 8 and Fig. 12 ). In the end, we mention the fact that P c r c /T c is a decreasing function of nonlinearity parameter. Now, we concentrate on studying the phase diagrams of GB gravity in context of variation of GB parameter. Interestingly, contrary to variation of nonlinearity parameter, in this case distance between the critical horizon radius and turning point is an increasing function of GB parameter. In other words, as GB parameter increases, the smaller critical horizon radius decreases and the bigger horizon radius increases. This behavior is opposite to the effects of variation of nonlinearity parameter on critical horizon radius. In studying G − T diagrams, it is evident that for small values of GB parameter ( Fig. 13 (right) ), two points are near each other and characteristic swallow tail is not observed in its usual form. But as GB parameter increases, the distance between these two points increases (Fig. 14  (right) ) and for sufficient large enough GB parameter, the usual swallow tail is formed with a turning point which is located outside the swallow tail (Fig. 15 (right) ). As one can see, increasing value of GB parameter, shift the swallow tail to lower temperature whereas the gap between two energy levels of Gibbs free energy increases (Fig. 16 (right) ).
As for the P − r + diagrams ), it is evident that as one increases the GB parameter, contrary to increasing nonlinearity parameter, the region in which pressure is an increasing function of r + , increases. In this case, the distance between critical point and turning point increases and the lowest and the highest values of critical horizon radius belong to the highest value of GB parameter ( Fig. 16 (left) ). On the other hand, pressure in which phase transition take place, decreases. Next in case of T − r + (Figs. 13-15 (middle) ), similar to P − r + diagrams, the lowest and the highest values of critical horizon radius belong to the highest values of GB parameter (Fig. 16 (middle) ). The region in which temperature is a decreasing function of r + and the length of sub critical isobars increase as GB parameter increases whereas the critical temperature decreases in this case. Finally, P c r c /T c is a decreasing function of GB parameter.
Next, we have considered the effects of dimensions on the critical behavior. As one can see, increasing the dimensions, shifts the place of formation of swallow tail to higher values of temperature and also increases the gap between different values of Gibbs free energy in which phase transition takes place (Fig. 17 (right) and Fig. 18 (right) ). Increasing dimensions also, decreases distances between critical point and turning point in which phase transition take place. An abnormal behavior for 4-dimensions is observed in G − T diagrams for EN gravity. This behavior is due to power of r + in the last term of Gibbs free energy. Same abnormality may be obtained for the case of GB gravity in 5-dimensions which is due to structure of Gibbs free energy, temperature and pressure. In other words, there are terms in the structure of these equations that vanish in case of n = 4. Also, increasing dimensionality increases the value of the critical horizon radius, turning point, temperature (Fig. 17 (middle) and Fig. 18 (middle)), pressure (Fig. 17 (left) and Fig. 18 (left) ) and P c r c /T c .
V. CONCLUSIONS
In this paper we have considered a quadratic Maxwell invariant as a correction term to the Maxwell Lagrangian. We studied the thermodynamic behavior of these solutions in EN and GB gravities. To do so, we considered cosmological constant as thermodynamic pressure and related conjugated quantity to it as volume of the black hole. By doing so, the interpretation of the mass as internal energy was changed and it was seen that mass is enthalpy of the system. Therefore, not only the interpretation of the mass of the black hole was changed, but also we extended phase space.
It is worthwhile to make some discussion regarding mass of the black hole in this case. Usually, the interpretation of mass is internal energy. In this point of view mass is a conserved quantity which is representing only the total internal energy which shapes the black holes size. But in case of the new interpretation, mass of the black hole is a combination of internal energy and pressure. In the other words, not only the mass of the black holes determine the internal energy and the shape of the black hole, but also we are expecting it to have information regarding interaction of constituents of black holes which is known as pressure of the system. Although, one may state that due to natural properties of black holes, it is impossible to study the interaction of constituents of black holes, one must take the approach of string theory to the matter into consideration too. In other words, in context of string theory some attempts were made to study microstates of the black holes and their interpretation which can be expanded by considering this point of view. It is worthwhile to mention that cosmological constant is an scalar which is related to a scalar filed. In this point of view, we are considering this scalar and related scalar field to it as pressure and scalar field of pressure.
As was mentioned before, the related conjugated quantity to pressure is volume. The volume of the black hole is determined by topological structure of metric. Therefore, one expects that the calculated value of this quantity and the topological structure of the metric be in agreement. This result was obtained in calculation of volume by use of mass of the black hole. In other words, the calculated volume is indeed describing the volume of a sphere.
In order to study the effects for considering additional correction as nonlinearity in more details, we plotted graphs regarding to Maxwell theory too. In linear electromagnetic field, the critical behavior of the system for both gravities were usual ones. One critical horizon radius was found, hence one phase transition was expected. The formation of the characteristic swallow tail was observed in G − T diagrams. In T − r + and P − r + diagrams the properties of phase transition were seen. But amazingly, in consideration additional term the behavior of the system differs completely.
By considering this nonlinear electromagnetic field, the structure of the phase diagrams and the thermodynamic behavior of the system were highly modified. Calculations regarding critical horizon radius lead to the result that two critical horizon radii exist for these systems. It is not unusual to find two critical horizon radii for black holes [9] , but in our case the presence of the second critical horizon radius is observed in plotted graphs. In other words, in case of this nonlinear electromagnetic field, contrary to other cases of nonlinear theories, a phase transition and a turning point were observed. The existence of these two points is related to existence of number of critical horizon radius. This fact is evident by comparing Maxwell theory with this nonlinear theory. As one can see, in case of Maxwell theory only one positive critical horizon radius was found which resulted into existence of one phase transition whereas for this case of nonlinear electromagnetic field, two critical horizon radii were found which resulted into existence of the phase transition and turning point.
In case of G − T , three points were observed in which the behavior of the system changed in them. These points are representing different phases. In P − r + , in case of T = T c , three horizon radii were found with same pressure (critical pressure) which indicates the existence of three phases and one turning point. For T − r + , in case of P = P c , two horizon radii were found with same temperature (critical temperature). One of these horizons was located in subcritical isobar which is the usual transition point and the other one was out of the subcritical isobar. Therefore, in this case too, one phase transition took place and a turning point was observed.
Another interesting issue was the fact that the effects of nonlinearity and GB parameters were opposite of each other. In case of nonlinearity parameter, the smaller critical horizon radius was an increasing function of nonlinearity parameter whereas the larger critical horizon radius was a decreasing function of β. In this case the smaller critical horizon radius was highly sensitive function of nonlinearity parameter comparing to larger critical horizon radius. Therefore, in case of increasing nonlinearity parameter, the distance between these two critical horizon radii decreased. Critical temperature and pressure were increasing function of nonlinearity parameter whereas P c r c /T c was a decreasing function of it. Interestingly, in case of GB parameter, the smaller critical horizon radius was a decreasing function of GB parameter and the larger critical horizon radius was an increasing function of it. The value of larger critical horizon radius was highly function of variation of GB parameter. Therefore, the distance between two critical horizon radii was an increasing function of GB parameter. As for the critical temperature and pressure, they were decreasing functions of GB parameter. In this case too, P c r c /T c was a decreasing function of GB parameter.
These two parameters (α and β) are describing two aspects of the black holes; gravitational and matter fields. In case of increasing β, the nonlinearity behavior of the system is increasing. In context of electromagnetic tensor, increasing this parameter leads to decreasing value of this tensor (8) . Therefore, the values of the electromagnetic tensor is a decreasing function of nonlinearity parameter. This fact leads to a conclusion that increasing the power of nonlinearity causes decreasing power of electromagnetic field. But in case of GB parameter, by increasing its value, the power of the gravitational field increases. In case of this generalization due to considering higher orders of curvature scalar, we are increasing the gravitational force. As one can see, increasing gravitational force causes the critical temperature and pressure decrease which indicating the fact that in this case phase transition is taking place in lower temperature, hence lower energy. Therefore, increasing the power of the gravitational force cause the system to have higher value of internal energy. This fact can also be seen in studying entropy of the GB gravity. As one can see, in case of spherical symmetric, entropy is an increasing function of GB parameter. In comparing GB and EN gravities, it is evident that GB gravity has higher entropy. Having higher entropy is indicating the fact that system has higher internal energy which causes the system to have phase transition in lower temperature. This result was found in studying phase diagrams of the GB and EN diagrams.
By what was mentioned in last paragraph one can conclude following results: first of all generalization of GB gravity causes the internal energy of the system increases and the black hole have phase transition faster in this gravity comparing to EN gravity. Therefore, in this theory black holes need to absorb less mass to have phase transition. Second, the entropy may be the function of the complexity of the black holes structure. Considering higher orders of curvature scalar causes the system to have more complicated structure. Therefore, it is arguable that one can state that the entropy and the complexity of the structure of the system are related to each other. In other words, complexity of the structure is a measurement for entropy of the system. Nonlinearity of the system and gravitational force are two opposing factor. They are decreasing each others effects and at some point they may cancel each others effects. This argument is stating that it may be possible to fix parameters in a way which system have critical values same as ones in EN-Maxwell theory.
As for the effects of the dimensions, interestingly the smaller horizon was an increasing function and larger one was a decreasing function of dimensions. The subcritical isobars was also a decreasing function of dimensions. On the contrary the critical pressure, temperature and P c r c /T c were increasing functions of dimensions. This behavior is indicating that the higher dimensional black holes need to absorb more mass to have phase transition. It is worthwhile to mention that case n = 3 for EN gravity and n = 4 for GB gravity are considering to be special cases in these gravities. As for the GB gravity, in this specific dimension, some terms in Eqs. (15) and (21) vanish. In case of EN gravity, it is evident from Eq. (21) that for case of n = 3 the power of the horzion radius is different from other dimensions in a way which causes the Gibbs free energy to have abnormal behavior which was observed in studying phase diagrams.
It will be interesting to consider the superconductors that this theory of electromagnetic field is describing and study their properties such as transition between conductor / superconductor. Considering existence of several phase transition in case of this nonlinear theory, it will be interesting to study phase transition of these black holes in other context and see if in other approaches to studying phase transition, the obtained results are seen.
